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Abstract 


The neutrino mass matrix has remnant CP symmetry expressed in terms of the lepton 
mixing matrix, and vice versa the remnant CP transformations allow us to reconstruct 
the mixing matrix. We study the scenario that all the four remnant CP transformations 
are preserved by the neutrino mass matrix. The most general parameterization of rem¬ 
nant CP transformations is presented. The lepton mixing matrix is completely fixed by 
the remnant CP, and its explicit form is derived. The necessary and sufficient condition 
for conserved Dirac CP violating phase is found. If the Klein four flavor symmetry gener¬ 
ated by the postulated remnant CP transformations arises from a finite flavor symmetry 
group, the phenomenologically viable lepton flavor mixing would be the trimaximal pat¬ 
tern, both Dirac CP phase 6cp and Majorana phase a^i are either 0 or vr while another 
Majorana phase 021 is a rational multiple of tt. These general results are confirmed to 
be true in the case that the finite flavor symmetry group is A(6n^). 
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1 Introduction 


The lepton flavor mixing is described by the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) 
matrix which contains three mixing angles 6*12, 6*13 and ^23 and one Dirac CP phase Scp 
There are two additional CP violating Majorana phases Q!2 i and a^i which do not have any 
effect in neutrino oscillations, if neutrinos are Majorana particles. Many neutrino oscillation 
experiments have been performed all over the world and the values of mixing angles have been 
determined to a quite good precision [^, 

0.270 < sin^ 6^2 < 0.344, 0.0188 < sin^ 6 ^^ < 0.0251, 0.385 < sin^ ^33 < 0.644 (1) 


at 3cr confidence level. Other global fits give rise to the similar results [^|4]. On the other hand, 
the Dirac CP violating phase 5cp is weakly constrained by the present neutrino oscillation 
data, and its 3 ct interval is [0,27r] [2]-[^. Therefore we don’t know whether there is CP violation 
in the lepton sector at present. More recently, the T2K data show the hint that 5cp is close 
to —7r/2 (or 37r/2) [^. 

In the past years, much effort has been devoted to understanding the lepton mixing angles 
through the introduction of a finite discrete flavor symmetry Gf, which is subsequently broken 
down to a Klein subgroup = Z 2 X Z 2 in the neutrino sector and an abelian group Gi in the 
charged lepton sector under the assumption of Majorana neutrinos. In this approach, the 
lepton flavor mixing is completely determined by the embedding of the residual symmetries Gj, 
and Gi into the original group Gf. A complete classification of the mixing patterns achievable 
in this way have been derived under the assumption that Gj is finite [^. It turns out that the 
phenomenologically viable lepton mixing can only be of the trimaximal form and the Dirac 
phase 5cp is trivial [^, and similar results are found even if neutrinos are Dirac particles [^. 

If the signal of 5cp — —'nl‘1 from T2K is further confirmed or 5cp is measured to take a 
nontrivial value by future long baseline neutrino oscillation experiments [9 -11 , the paradigm 
of discrete flavor symmetry would be disfavored, and we may have to resort to other new 
theoretical framework. Bottom-up analysis shows that the effective Majorana mass term 
of neutrino admits both Klein four flavor symmetry 
transformations 


13,14 


12 and four different CP symmetry 


and the flavor symmetry can be generated by performing two CP 
transformations in succession. Moreover, CP symmetry allows us to predict the values of 
Majorana CP phases which are not constrained by flavor symmetry at all. As a result, CP 
symmetry is a more general and more fundamental approach than flavor symmetry in explain¬ 
ing the lepton flavor mixing. Notice that only three of the four residual CP transformations 
of the neutrino mass term are independent. If two (or one) remnant CP transformations out 
of the original CP symmetry at high energy scale are preserved by the neutrino mass term in 
the charged lepton diagonal basis, the lepton mixing matrix would depend on one (or three) 
real parameters besides the parameters specifying the remnant CP transformations, and the 
explicit form of the mixing matrix has been presented in Ref. 13 . In this work, we shall 


consider the scenario that the maximal four CP transformations are preserved by the neutrino 
mass matrix. The most general parameterization of the CP transformations and the formula 
of constructing the PMNS matrix from the postulated CP transformations would be derived. 
Finally we would like to point that the phenomenological predictions and model building as¬ 
pects of combining flavor symmetry with CP symmetry has been extensively discussed in the 
literatures 15 -30 in recent years. The interplay between flavor symmetry and CP symmetry 


have been comprehensively studied 31-34 


The remaining part of this paper is organized as follows. In section [^ we present the 
most general parameterization of the full set of remnant CP transformations, and the explicit 
form of the PMNS matrix fixed by the remnant CP is derived. In section we investigate 
the conditions for minimal or maximal CP violating phases 5cp, «2i and a'^^. In section]^ 
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we discuss the scenario that the Klein four flavor symmetry induced by the remnant CP 
transformations originates from a hnite flavor symmetry group. Then the viable lepton mixing 
matrix can only be of the trimaximal form, both 6 cp and a^i are conserved, and a 2 i is a 
rational angle. As a concrete example, we apply our formalism to the case that the Klein four 
flavor symmetry generated by remnant CP is a subgroup of the A( 6 n^) flavor symmetry in 
section]^ Finally we present our conclusions in section 

2 Reconstructing PMNS matrix from residual CP trans¬ 
formations 

We would assume in the present paper that neutrinos are Majorana particles. In the flavor 
basis, the Lagrangian describing the lepton masses reads 

jC^mass = -inmik + + h.c.. ( 2 ) 

Here C is the charge-conjugation matrix, li and Ir denote the vectors of the three left and 
right-handed charged lepton helds, refers to the three left-handed neutrino helds, and 
mi = diagjme, m,-}. The neutrino mass matrix in the flavor basis, can be expressed 
via the mixing matrix Upmns as 

= f^PMivsdiag(mi,m2,m3) (3) 

where mi, m 2 and m 3 are the light neutrino mass eigenvalues. The generic neutrino mass 
term in Eq. (|^ is invariant under both the CP transformations 

^l{x) I y Cvj^{xp), Xj = Upmns dj j = 1,2, 3,4 (4) 

and the flavor transformations 

I'Lix) \—y GiUL{x), Gi = UpMNs diUpj^^g, i = l,2,3,4, (5) 

where xp = (t, —x) and 

di = diag ( 1 , - 1 , - 1 ), 62 = diag (- 1 , 1 , - 1 ), 

4 = diag(-l,- 1 , 1 ), ^4 = diag(l, 1 , 1 ) . ( 6 ) 

As has been shown in our previous work [^, only three of the four remnant CP transforma¬ 
tions are independent. The reason is that any one of the residual CP transformations can be 
generated by the remaining three via 

W = (7) 

The remnant flavor symmetry and remnant CP transformations are closely related with each 
other. The remnant flavor symmetry can be generated by performing two CP transformations 
as follows. 


_ -y v"* _ y V'* _ y y^ _ y v'* 

1 — ^ 2^3 — ^ 3^2 “ ^ 4^1 — ^ 1 ^ 4 ? 

_ y y=¥ _ y y^ _ y y=¥ _ y y=¥ 

2 — ^1^3 — ^3^1 — ^4^2 “ ^2^4? 

_ y y^ _ y y=¥ _ y y^ _ y y^ 

3 — A1A2 — ^ 2^1 — ^ 4^3 ~ ^3^45 

_ y y^ _ y y^ _ y v"* _ V 'V^* _ 1 (Q\ 

4 — — u\2^2 ~ ^3^3 “ ^4^4 — • 1,0j 
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Furthermore, we can straightforwardly see that Xi and Gj fulhll the following relation 
XiG*X* = UpMNS djUpj^j^Q = Gj for i,j = l,2,3,4. 


( 9 ) 


This means that the residual flavor symmetry and residual CP symmetry should generally 
commute with each other in the neutrino sector. Given the experimentally measured mixing 
matrix Upmns-, the CP transformation matrix X^ can be easily hxed by Eq. Q. Inversely, we 
shall show that Upmns can be deduced from any well-dehned four CP transformations. 

The scenario of one or two remnant CP transformations preserved by the nentrino mass 
matrix have been investigated in our previous work 13 . In the following, we shall consider the 


scenario that an original CP symmetry at high energy scale is broken down to fonr remnant 
CP transformations X^ {i = 1,2, 3,4) in the nentrino sector by some scalar fields. Notice 
that if three CP transformations are preserved by the nentrino mass matrix, there are still 
four residual CP transformations since the fourth one can be generated via Eq. ([^. Here we 
shall not consider how the remnant CP transformations Xi {i = 1 , 2 , 3,4) are dynamically 
achieved, since the lepton flavor mixing is completely fixed by the remnant CP and it is 
independent of the specihc breaking mechanisms. X^ (z = 1, 2, 3,4) can be treated as remnant 
CP transformations only if the following consistency conditions are fnlhlled. 


_ "yT y v"* _ V V"* _ V V"* _ V V"* 

i -^i 1 -^j^i 

{XiX;Y = l, X,X* ^±1, ioT ^m^n. (10) 

In this case, a full Klein four flavor symmetry is generated with element of the form XiX* [i ^ 
j). First of all, we present the parameterization of the whole set of CP transformations in the 
following. Using the freedom in redefining the phases of the charged lepton helds, one column 
of the PMNS matrix can always be set to be real and written as 




( cos ip \ 
sin if cos 0 , 

sin sin 0 J 


( 11 ) 


where both ip and 0 are real parameters in the interval of [0,27r). As a result, one of the 
remnant flavor symmetry is given by 

Cl = 2vivl - 1 = 2viv^ - 1. (12) 

Obviously Gi is a real matrix in onr working basis, and then Eq. ([^ implies that 

[Xi,Gi] = 0, for z = l,2,3,4, (13) 


Therefore Vi should be a eigenvector of X* as well. As the remnant CP transformations 
Xi are symmetric and nnitary matrices, the eigenvalnes of Xi must be of unit modulus and 
the eigenvectors of Xi can be chosen to be real. Following Ref. 13 , we can conveniently 


parameterize the remnant CP transformation Xi in terms of its eigenvalnes and eigenvectors. 
For instance, we can write Xi as 


Xi = + e 


IK 2 


V 2 V 2 + e 


(14) 


where Ki, K 2 and K 3 are real, Ui, V 2 and U 3 are a set of most general real orthonormal vectors, 
and V 2 and are given by 


j 

! sin ip cos p \ 

i J 

! sin <p sin p \ 

V2 = 

— sin 0 sin p — cos p cos 0 cos p 

, ^3 = 

sin 0 cos p — cos p cos 0 sin p 


( cos 0 sin p — cos p sin 0 cos p ) 

f 1 

( — cos 0 cos p — cos p sin 0 sin p J 


. ( 16 ) 
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From the expression of Xi in Eq. (14) and the relation of Eq. ([^, X 4 can be constructed 
directly 


X4 = GiXi = — e'^^'^V2V2 — . 


( 16 ) 


In a similar way, we can parameterize X 2 and X 3 as follows 

X2 = e^'^^viVi + e^^^W2W2 + , 

X 3 = - G^^W 2 wI - , (17) 


where ui, W 2 and W 3 also form a set of real orthonormal vectors, and W 2 and W 3 take the form 


W2 = coS(^n2 — sin.^n3, W3 = sin,^n2 + cos^vs , 


(18) 


The residual CP transformations Xi, X 2 , X 3 and X 4 given by Eqs. (14, 16, 17) have to satisfy 
the consistency conditions in Eq. (10). We can straightforwardly obtain the expression for the 
product XiX* as follows 


XiX^ = viVi + V2V2 + V2V3 = 1, 

X1X2 = + C22V2V2 + C33V3VJ + C23V2VJ + C32V3V2 , 

X1X3 = - C22V2V2 - C33V3VJ - C23V2VJ - C32V3V2 , 

X1X4 = Viv{ - V2V2 - V 3 vl , 

X2XI = + CI2V2V2 + cl^V 3 vl + €32^2^! + c* 2 ^V 3 vl , 

X2X2 = Vivl + V2vl + V3VI = 1, 

X2X3 = Vivl - V2V2 - vsvj , 

X2X4 = - C22V2V2 - cl^vsvj - CI2V2V3 - CI3V3V2 , 

X3X4 = - C22V2V2 - CI3V3VJ - CI2V2V3 - c* 2 ^V 3 V 2 , 

X3X2 = Vivl - V2V2 - V 3 vl , 

X3X3 = Vivl + V2V2 + V3vl = 1 , 

X3XI = + CI2V2V2 + 43 ^ 3 ^ 1 ’ + CI2V2V3 + 023^3^^^ , 

X4X4 = ViVi - V2V2 - Vsvj , 

X4X2 = - C22V2V2 - C33V3v'^ - C23V2VJ - C32V3V2 , 

X4X3 = + C22V2V2 + C33V3VJ + C23V2V3 + C32V3VJ , 

X4X4 = ViVi + V2V2 + V3vJ = 1 , 

where we have dehned 


C22 = cos^ ^ sin^ , 

C33 = gin 2 ^ ^ g-iA3 pQg 2 ^ 

C23 = cos^sin^ , 

C32 = cos^sine • 


The equations in the hrst line of Eq. (10) give rise to the following constraints 


gi(Ki-Ai) _ gi(Ai-Ki) 


C22 — C22, C33 — C33, C23 — C32 


Furthermore, the requirement of (XjXj)^ 


1 in the second line of Eq. (10) leads to 


g2i(Ki Ai) _ ^2^ _|_ (.23C32 — 1 , C33 + C23C32 — 1 , 

(C22 + C33) C23 = 0, (C22 + C33) C32 = 0 . 


(19) 


( 20 ) 

( 21 ) 


(22) 
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The solutions to the above set of equations in Eqs. (2lp2) are given by 


e 


zAi 




(.Qg2 ^ _|_ g*K3 31^2 ^ 

g«K 2 cos^ sin^ I ’ 


glK2 gj]^2 ^ _|_ glK3 ^ 

giK2 sin^ ^ q- g*K3 cos^ 


(23) 


where the “=f” signs in can be chosen independently. As a consequence, the parameters 
C 22 , C 23 , C 32 and C 33 are simplihed into 


C22 = T- 


cos 2 ^ 


C 23 = ± 


giK2 Qos^ ^ + e®®®3 sin^ ’ 
;os(^“) e®”sin 2 ^ 


C32 = ±- 


C33 = ±- 


g®K2 gQg2 ^ _|_ g*K3 gj^2 ^ 

«2-'^3 

I ” 


COS 


K 2 -H 3 ^ g-l- 


sin 2 ^ 


I e®®®2 cos^ ^ + e®'^3 sin^ ^ | 
cos 2 ,^ 

e^K 2 gQg2 ^ q_ giK3 gjg^2 H 


(24) 

(25) 

(26) 
(27) 


Since the above solutions give rise to the same set of residual CP transformations Xiqqq up 
to an irrelevant overall “— 1 ” factor, without loss of generality, we could choose 


giAi ^ 


^K;l 


g7A2 ^ 


g7K2 gQg2 ^ glK3 gjj^2 ^ 

|g®K 2 cos^ ^ + e®®®3 sin^ 


giA3 ^ 


glK2 gj]^2 ^ _|_ glK3 gQg2 ^ 

|g®K2 ^ -|- g*K 3 COS^ .^1 


(28) 


A remnant Klein four flavor symmetry K 4 = {1, Gi, G 2 , C 3 } can be generated by performing 
two CP transformations, and the three nontrivial residual flavor symmetry transformations 
Gi for i = 1, 2, 3 can be written into 


10 0 

Gi = AiX: = (ni,n 2 ,n 3 ) 1 0 -1 0 

0 0 -1 

-10 0 

G2 = ATiXg = (ni,n 2 ,t’ 3 ) | 0 -C22 -C23 

0 — C 32 — C 33 

-10 0 

G3 = X1X2 = (t^l, ^>2, 1^3) 1 0 C22 C23 

0 C 32 C 33 



We notice that the matrix 

-10 0 
0 C 22 C 23 
0 C 32 C 33 

can be diagonalized by a 3 x 3 matrix © 3 x 3 with 


/l 


© 3 x 3 — 


COS 6 * sin 6 *e® ^2 ® 


0 — sin 6 *e ® ^ 2 ® cos 6 


(29) 


(30) 


(31) 
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where the rotation angle 9 fulhlls 


tan 26* = cos 
cos 26* = 


K2 - K3 


tan 2 ^, 


cos 2 ,^ 


^cos2 2^ + cos2 sin^ 2^ 


In other words, we have 


/-I 0 0 \ 

©Ls 0 C22 C23 ©3x3 = diag(-l, -1,1) . 

V 0 C32 C33 J 

We can introduce three column vectors 'fi, and with 

'^ 2 -, '%) = (l^l, V2, V3) © 3 x 3 • 

Then the residual flavor symmetries Gi, G 2 and G 3 can be written as 


(32) 


(33) 


(34) 


Gi = 2riy,t-i, 02 = 2^2^2’-!. G 3 = 2 r 3 y^-i. (35) 

The three vectors fi, T 2 and T 3 are the unique eigenvectors of Gi, G 2 and G 3 respectively with 
eigenvalue +1, and they provide the three columns of the PMNS matrix up to permutations 
and phases. Therefore the PMNS matrix is determined to be 

Upmns = ifi. %) diag(e*'^b ^3) ©3^3 diag(e*^b ^ (35) 


where P is an arbitrary permutation matrix since the light neutrino masses are unconstrained 
in the present framework. The phases 71 , 72 and 73 are further subject to the constraints 
from the postulated residual CP transformations as Upj^j^gXiUpj^^g = diag(±l, ±1, ±1) in 
Eq. Q, and they are fixed to be 

diag = diag PKP'^ , (37) 

where iP is a diagonal phase matrix with entries ±1 or ±i, it render the light neutrino to be 
non-negative. As a result, the PMNS matrix is completely determined by the residual CP 
transformations to be 


UpMNS— 


(^^lW2,^^3) ©3x3 

diag(e*''^/^ 

/ COS 93 

sin<y3 

1 sin 93 cos 0 

— cos </3 cos 

y sin Lf sin p 

— cos (p sin 

/I 

0 

0 \ 

X 0 

cos 6* 

sin 6* 1 1 

\o 

— sin 6* 

cos 6* / 


iK 2/2 IK 3 


/ 2 )PiP 



PK, 


oiK 2/2 



(38) 


where the contribution from the matrix K can only possibly shift the Majorana phases by vr. 
The different arrangements of rows and columns can be related by parameter redefinition in 
the present framework. Without loss of generality, we choose the column permutation P in 


Eq. (38) to be 


P = 



(39) 
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for illustration. The predictions for the lepton mixing parameters can be straightforwardly 
read out as follows: 


cos sin 6^12 = - I 1 — cos 2p cos 29 + cos ~ 

Zd \ Zd 


sin 013 

sin^023 = cos^ 0, tan(5cp = 


Kn — Kq 


sin 2 p sin 20 ) , 


sm 


cos 2p 


tcin 0^21 — 




sin 2p cot 20 + cos( 

2 sin(K 2 — ^ 3 ) sin^ 2 pcos 20 + 2 sin( '^^~'^^ ) sin4psin20 


(3 cos^ 2p — 1) sin^ 20 + cos(k 2 — sin^ 2p(cos2 20 + 1) + cos(^^^-^ 
2 cos^ pcos^ 0 sin ^2 + 2sin^ psin^ 0sin k'^ — sin 2p sin 20 sin( ) 

2 cos^ p cos^ 0 cos ^2 + 2 sin^ p sin^ 0 cos k'^ — sin 2p sin 20 cos(^^^^) 


I sin 4p sin 40 
(40) 


where = 0:31 — 25cp-i Scp is the Dirac CP violating phase in standard parameterization, 
0:21 and 031 are the Majorana CP phases |^. Since can be factorized out as an overall 
phase of the PMNS matrix in Eq. (38), all the mixing parameters only depend on the phase 


differences = K 2 — Ki and = K 3 — Ki. Notice that 0 i 2 and 0 i 3 only relate to (j) and p 

is 


respectively. Moreover, the well-known Jarlskog invariant 35 


T 1 • - 

Jcp - |Sm(- - 




) cos p sin^ p sin 2(f) sin 20 . 


(41) 


Notice that only the overall sign of Jqp could possibly change for other permutation P distinct 


from that in Eq. (39) 


3 Conditions for vanishing and maximal CP violation 


From the analytical expressions of the mixing parameters shown in Eq. (40), we can 


straightforwardly derive the conditions for minimal or maximal CP phases. Firstly, we hnd 


that the Jarlskog invariant Jcp in Eq. (41) is vanishing such that the Dirac CP violating phase 
5cp would be conserved if and only if 


1 3 

^ = 0, -TT, TT, -TT, or % = K 2 , Or K3 = ^2 ± VT . 


( 42 ) 


The resulting predictions for the remaining mixing parameters are collected in Table [T] for 
the column permutation P of Eq. (39). Note that one element of the PMNS matrix would 


be vanishing such that the value of 5cp can not be hxed uniquely in case of 0 = mi/2 or 
p = riTT/2 where n = 0,1, 2, 3. It is remarkable that 5cp is always trivial with sinJ^^p = 0 for 


any value of the permutation P once the conditions in Eq. (42) are fulfilled. In other words. 


the Dirac CP would be violated if the parameters k ,2 and take values distinct from those 
in Eq. (42). In light of the weak evidence of 5cp ~ — 7 r /2 from T2K experiment [^, we find 


that maximal Dirac CP phase 6cp = ± 7 r /2 would necessitate the following relation 


2 % — ^2 

COS ---tan24 = — tan2p. 


^3 - ^2 7 ^ niTT, p ^ 


n2'n 


ni,2 e N • 


( 43 ) 


If the permutation matrix P takes a value different from Eq. (39), the analytical expression 


of tanJ^P would differ from that in Eq. (40) so that the corresponding condition for maximal 


5cp would be distinct from Eq. (43). This implies that the condition for cos Jcp = 0 depends 
on the column arrangement P. 


























Minimal 5 cp with sinJc'p = 0 

Conditions 

sin^ 012 

tan 021 

tan 031 

II 

sin^ (p + C 

(-l)”"Man(+2 - k's) 

1 — tan kC n is odd 

1 — tan kC n is even 

^3 = Zt2 + UTT 

j ^ [1 — sign(cos 2^) cos 2p], n is odd 

1 sin^(p -t Cl n is even 

0 

— tan ^2 

Minimal 021 with sina2i =0 

Conditions 

sin^ 012 

tan^cp 

tan 031 

= 1^2+ nir 

j 1 [1 — sign(cos 2C cos 2p], n is odd 

1 sin^(p -t C) n is even 

0 

— tan K2 

p = n 7 r /2 

1 h (-1)" cos 1 

^cosS 2^+cos2 (^ "+ ^ sin2 2? 

( l)”tan 

j — tan n is odd 

1 — tan kC n is even 

p = + niT 


/ 

cos^ ^ sin /s:2+sin^ ^ sin Kg 



cos^ ^ cos ^2 +sin^ ^ cos Kg 


Table 1 : The conditions for trivial Dirac phase 5 cp and trivial Majorana phase 021 with sin 5 cp = 0 and 
sin 021 = 0 respectively, where n is an integer. The predictions for the mixing parameters are listed here. Note 
that we have sin^ 0i3 = cos^ ip and sin^ 6*23 = cos^ 0 for the PMNS matrix in Eq. ( 38 ) with the permutation 
matrix P given by Eq. ( 39 ). 


In exactly a similar way, the necessary and sufficient conditions for trivial Majorana CP 
phase 021 are determined to be 

K 3 = K 2 + n7T, or p = mi/2, or p =—^ + nn with n G N . (44) 

The corresponding predictions for the mixing parameters are listed in Table The condition 
of maximal 021 is a bit complex as follows 

a cos — - -h b cos — - -h c = 0 , (45) 

where 


a = 2 sin^ 2,^ sin^ 2 p, 

6=1 + sin 4^ sin 4p + cos 4^ (1 — 2 cos 4p), 

c = —2 cos^ 2^ sin^ 2p. (46) 


Now we turn to another Majorana phase. The redehned Majorana phase would be con¬ 
served if 


tan p tan 9 = 


• A/O 

sm ^ 


sm + 


or 


cos ^ 


COS + 


( 47 ) 


Maximal aC requires the following equations be fulhlled, 


sm 


tan p tan 9 = 


TT ^ 

4^2 


cos 


sm 


ZL tb 

4 2 


or 


cos 


TT I '^2 

4 2 


TT I ^ 

4 2 


( 48 ) 


Notice that the above conditions for minimal or maximal Q! 2 i and a '31 vary with the permuta¬ 
tion matrix P. 
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4 Induced flavor symmetry arising from flnite groups 


Under the assumption of Majorana neutrinos, the residual flavor symmetry of the neutrino 
mass matrix should be a Klein group, i.e. Gy = {l,Gi,G 2 ,G^} with G^ = 1 and GiGj = Gk 
for i ^ j ^ k. If both remnant flavor symmetries Gy in the neutrino sector and Gi in the 
charged lepton sector originate from a hnite flavor symmetry group Gf, then Gf would be 
strongly constrained. In the basis where the neutrino mass matrix niy is diagonal, the residual 
flavor symmetry transformation Gi, 2,3 are given by 

Gi = diag(l,-l,-l), Ga = ciiag(-l,l,-l), G 3 = diag(-l,-1,1). (49) 


The three-dimensional representation matrix of any element g of Gf can only be of the following 
form [^: 



/ 0 

1 

P2 

4^ 


( i 

2 

U 5 -I 

4 

p5+l \ 
4 


/I 

0 

0 \ 

l^?l = 

1 

V2 

1 

2 

2 

1 

\/5+l 

4 

1 

2 

U5-1 

4 

, or 

0 

cos6' 

sin 9 


1 

V P2 

1 

2 

^ / 


P5-1 
\ 4 

V5+1 

4 

i ) 


VO 

sin^ 

cos 9 j 


(50) 


up to independent permutations of rows and columns, where d/n is a rational number, and 
the abstract element g and its representation matrix have been denoted by the same notation. 
Note that Gi_ 2,3 belong to the last category with 6 ^ = 0. In order to obtain a viable lepton 
mixing matrix in the experimentally preferred 3a ranges, the residual flavor symmetry Gi in 
the charged lepton sector should be generated by a single matrix T with 



( ° 

1 

U2 

4 \ 

/ 

0 

0 \ 


T = 

1 

V2 

1 

2 

1 

2 

0 

g*C2 

0 , 

(51) 


1 

V P2 

1 

2 


V 0 

0 

— J 



where both (i/ir and ( 2 /^^ are rational numbers. The charged lepton diagonalization matrix 
Ui is determined by the diagonalization of T, and consequently we have 


( 


U, = ^ 


1 


V 


^ 2 


— \/2e * 2 cos % 


y/2ie * 2 sin % 


\/ 2 e * 2 cos 
- V2te-4 


6 3 


V2e-4 


cos I I - I 


sm 


6 3 


- V2ze-4 


sm I I - I 




/ 


(52) 


with UjTUi = where (2 = (2 — Ci is dehned 

for simplicity. In order to predict the values of the Majorana CP phases, we impose CP 
symmetry onto the theory. In the present niy diagonal basis, the residual CP transformations 
of the neutrino mass matrix can only be diagonal, i.e. 


Xi = diag(e*“S-e*“U-e*“3), 
X 3 = diag(——e 


202 


X 2 = diag(-e*“be*“U-e*“3), 
X 4 = diag(e*“^e*“^e“3), 


(53) 


where ai, 02 and are real parameters. The same set of residual CP transformations can be 
obtained by solving the equation XiG*X^^ = Gj given in Eq. (§. Moreover, obviously the 
residual flavor symmetry Gi^ 2,3 can be generated by successively performing two CP trans¬ 
formations XiX* as shown in Eq. ([^. Now we shall proceed to study the constraints on 
the phases ai, 0:2 and 03 provided that G/ is a hnite group. If we hrstly perform a CP 
transformation X 4 , subsequently a havor symmetry transformation T, and eventually an in¬ 
verse CP transformation the theory is still invariant. The total effect of this series of 

transformations should amount to a havor symmetry transformation, 

T' = X^T*Xl^ e Gf , (54) 
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which is the so-called consistency condition [^|^[^. Therefore T'T is an element of G/ as 
well, and the absolnte valne of T'T is 


where 


A = 


sin 


as — a2 I 


\T'T\ = 



( 66 ) 


1 I 0)3 — Q!2 I 

B = \ cos- , 

^2' 2 

C = — — cos(a 3 — ^ 2 ) — 2 cos(q;2 — «! + C 2 ) + 2 cos(a !3 — ai + ( 2 ), 


D = 


2^2 

1 

2^2 


^3 — cos(a3 — 02 ) — 2 cos(a3 — ai + ( 2 ) + cos(a2 — ai + Q) ■ 


(56) 


If the flavor symmetry gronp generated by Gi^ 2 , 3 , T and T' is finite, |T'T| has to be of the 


forms in Eq. (50) np to row and colnmn permntations. As a resnlt, B can only be eqnal to 0, 


\ or Then we can derive that 


<^3 = CI2, or 0)3 = 0)2 ± Ti" • 


(57) 


Since both solntions 03 = a 2 and 03 = 02 ± vr give rise to the same set of residnal CP 
transformations 2 , 3,4 except an inessential overall “— 1 ” factor, we shall choose = a 2 in 
the following withont loss of generality. The eigenvalnes of T'^T are and 

g 7 (a 2 -«i+ 2 C 2 )_ Once the flavor symmetry gronp G/ is hnite, the order of T'^T mnst be hnite as 
well. As a conseqnence, = Q !2 — ai a rational mnltiple of vr. The nentrino mass matrix rriy 
is constrained by the CP symmetry as 


X- m^Xi = m* 


( 68 ) 


Therefore m,, is fixed to be 


= diag(mie *"bm 2 e 77136 , 


(59) 


where mi, m 2 and m 3 are real. The nnitary diagonalization matrix U^, which fnlfills muUi, = 
diag(|mi|, jms], |m 3 |), is given by 


0 0 


G. = 


0 6*^ 

0 0 


0 


e 2 




(60) 


where K is a. diagonal matrix with entries ±1 or ±z which encode the CP parity of the 
nentrino states and it makes the light nentrino masses positive. Notice that Uy is determined 
np to permntations and phases of its colnmn vectors, since the order of the nentrino masses 
is nndefined in this approach. Compared with the scenario with only flavor symmetry, the 
nnitary matrix Uy can be any diagonal phase matrix. 


Combining the nnitary transformations Ui in Eq. (52) and Uy in Eq. (60), we can obtain 
the prediction for the lepton mixing matrix: 


UpMNS — 


1 


/ —\/ 2 cos^ 

a /2 cos + I 

y2cos(|- - 


y2sin| 

-V2sm(^ + 1 ' 


1 -V2 


sm I % — ^ 

D O 


\ ( T'bA 

' / e* 2 0 


V 0 0 


0 
0 

. ■ C2+Q2 
— le 2 




K. (61) 
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Permuting the rows and columns of this mixing matrix while keeping the vector (1,1,1)^/ 


in the second column, we find the resulting PMNS matrix can be obtained from Eq. (61) by 


redefinition of the parameters (2 On the other hand, we can also turn to the charged 

lepton diagonal basis (i.e. the T diagonal basis) by performing the similarity transformation 
Ui of Eq. (52). The residual CP transformations Xi in Eq. (53) become UjXiUi which are 
characterized by the parameter values. 


(f = arccos 


3 : 0 4 ; P 6 ^ 


Kl — CTi, K 2 — TT + 0(2 + C 2 ) ^3 ~ 0(2 + C 2 • 


(62) 


Then the PMNS matrix can be easily obtained via the general formula of Eq. (38). We can 
further straightforwardly read out the lepton mixing parameters as follows 


sin^ 013 
tan 6cp 


2 . 2 C2 

dSm 


= 0 , 


! ^ 

6 ’ 

tcLIl 0^21 


sin^ 9 


12 


2 + cos ^ 


— tan ((^2 + 0 ( 2 ), tan 031 



(63) 


It is remarkable that both Dirac phase 6cp and the Majorana phase a^i are trivial, and another 
Majorana phase 021 = —C 2 ~ O 2 021 = — (C 2 — 02 is a rational angle. Note that these 

predictions for the CP phases are independent of the structure of Gj. These results are exactly 
found to be true in the context of G/ = A( 6 u^) flavor symmetry with generalized CP, as will 
be discussed in the following section. We can see that the three mixing angles depend on only 
one parameter (,2 with period of dvr. Without loss of generality, the fundamental interval of the 
parameter Q 2 can be taken to be [— 37 r, 37 r). Imposing the present experimentally favored 3a 
experiment value |^, is a rational number satisfying 0.322 < ±C 2 /^ — 0.373. Moreover, 
the three mixing angles are strongly correlated with each other, 

3 cos^ 013 sin^ 012 = 1, sin^ 023 = ^ ± ^ tan 0 i 3 \/2 — tan^ 0 i 3 . (64) 


Given the 3 ct range 0.0188 < sin^ 0 i 3 < 0.0251, we obtain 0.340 < sin^ 0 i 2 < 0.342, 0.387 < 
sin^ 023 < 0.403 or 0.597 < sin^ 023 < 0.613. Note that the atmospheric angle 023 deviates 
from maximal mixing. These predictions for 0 i 2 and 023 can be tested by forthcoming neutrino 
oscillation experiments such as JUNO 36 , LBNE and LBNO 
long baseline experiments LBNE [^, LBNO 
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10 and Hyper-Kamiokande 11 


Moreover, dedicated 
aim to measure 


the Dirac CP phase Scp, the present scenario will be ruled out if the signal of leptonic CP 
violation will be detected. 

The neutrinoless double beta {0i'(3(3) decay is the only feasible experiment which has the 
potential of establishing the Majorana nature of massive neutrinos. The dependence of the 
decay rate on the mixing parameters is specified by the effective Majorana mass. 




= |mi cos^ 012 cos^ 013 + m2 sin^ 0i2 cos^ 0i3e*"^^ + m3 sin^ 0i3e 


*("31—25cp) I 


Eor the predicted mixing pattern in Eq. (61), we have 

1 2 C2 

- 2 simi cos — + 77126 
3 6 


m^p = - 


-hC2+"2) 


2s3m3 sin^ ^ 
6 


( 66 ) 


( 66 ) 


where si^s = ±1 arises from the ambiguity of the phase matrix K. The parameter 0(2 freely 
varies in the region of 0 < 0(2 < 27r and (2 is scattered in the viable ranges of 0.3227r < ±(2 A 
0 . 3737 r. The resulting predictions for the effective mass |mee| are plotted in Fig. where 
the 3 ct uncertainties of the mass-squared splittings and Amg^ with i = 1 for normal 

ordering and £ = 2 for inverted ordering are included [^. We see that all possible values of 
|mee| allowed by experimental data at 3cr level can be achieved in case of inverted ordering 
mass spectrum. 
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Figure 1: The prediction for the Ov^P decay effective mass if the Klein flavor symmetry generated by the 
residual CP symmetry originates from a finite flavor symmetry group. In this case, the PMNS matrix is given 
in Eq. (61), both Scp and agi are predicted to be trivial, and 021 is a rational angle. The blue dashed lines 
and the red dashed lines indicate the currently allowed Scr regions for normal ordering and inverted ordering 
mass spectrum respectively [^. The cyan and orange areas are theoretical predictions when freely varies 
in the interval [0, 2tt] and C 2 in the viable range 0.32 27r < ±^2 ^ O.STStt. Measurements of EXO-200 in 

combination with KamLAND-ZEN 39 give rise to the upper bound of \mee\ < 0.120 eV. The upper limit on 
the mass of the lightest neutrino is derived from the latest Planck result toi + m 2 + m 3 < 0.230 eV at 95% 
level 


40 


5 Example with Gf = A(6n2) 


In what follows, we shall substantiate the statement that the lepton mixing matrix must 
be the trimaximal pattern in Eq. (61) if the residual flavor symmetry generated by the residual 
CP transformations originates from a hnite group Gf. As a example and a further check to our 
general results, we consider the case of Gf = A(6n^). A(6n^) is a series of non-abelian hnite 
subgroup of SU{3), and it can be generated by four generators a, b, c and d which fulhll 41 


= b‘^ = (^ab)"^ = 1, 

= 1, cd = dc, 

aca~^ = c~^d~^, ada~^ = c, bcb~^ = d~^, bdb~^ = c~^. (67) 


A(6n^) group has 2n — 2 three dimensional irreducible representations denoted by 3fk, and 
representation matrices of the generators are given by 


0 1 0 
a = I 0 0 1 
1 0 0 


b = {-iy 



/rj^ 0 0\ /I 0 0 \ 

c = 0 0 , d = 0 0 

\0 01 / \0 0 r]-y 


( 68 ) 


where rj = I = 1,2 and k = 1, 2,..., n — 1. We see that the set of all matrices 

describing distinct triplet representations 3fk is the same up to a possible overall “—1” factor. 
As a consequence, it is sufficient to focus on a single three-dimensional representation in the 
discussion of the mixing patterns. We shall assign the three generations of left-handed leptons 
to the three-dimensional representation 3iq in the following. To simplify the notation, the 
abstract elements of A(6n^) and their representation matrices have been denoted by the same 
symbol. 
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A( 6 n^ 


as a 


flavor symmetry group has been studied comprehensively [^[^|^[^. It is 
found that CP symmetry can be consistently defined in the context of A( 6 ? 7 ,^) family symmetry 
if n is not divisible by 3 or the helds transforming as two dimensional irreducible representation 
22 , 23 or 24 are not present in a concrete model 27 . In particular, the generalized CP 


transformations are of the same form as the flavor symmetry transformation in the working 
basis 27 . Phenomenologically viable lepton flavor mixing can be obtained if A( 6 n^) is broken 


down to Gi = Z 3 = {l,a,a^} in the charged lepton sector and to Klein subgroup Gy = 


(c^/^,abci) _ 


= |l, abG, } in the neutrino sector 


K, 


17,^, where 7 = 0 , 1 ,... ,n —1 
and n should be even. In this work, we propose to start from CP symmetry rather than flavor 
symmetry. The remnant flavor symmetry 
CP transformations 


can be generated if impose the following 


Xi = X2 = ^3 = X4 = c^+W2^2(s+j) ^ 

where s = 0,1,..., n — 1. Note that the remnant symmetry G/ = can be generated by the 
CP transformations Xi = b, ab, o?b. The generator a and the hermitian combination m\mi 
are diagonalized by the same unitary transformation Ui with 



Ujalli = diag (l,a;^,a;) , 


(70) 


where u = We now apply our method to this specific example. Firstly we perform a 

change of basis with the unitary matrix Ui, such that the charged lepton mass matrix would 
be diagonal. The postulated residual CP transformations in Eq. (69) transform into 
they can be parameterized in the manner shown in section and the parameter values are 
given by 


Ki = 


(p = arccos 
4(s + 7 ) 7 r 


i TT 77r 

P= -> ^ = 0, 

V3 4 n 


n 


K2 = 


2(s + 7 ) 7 r 


n 


K3 = TT + 


2 (s + 7 ) 7 r 


n 


(71) 


Using our formula for the PMNS matrix in Eq. (38), we can construct the mixing matrix as 


G, 


PMNS 


—pz ( -\/ 2 cos 


— a/2 cos— 1 

(?+f) 1 
?-i) 1 


cos( = 


72 sin II 

n 

-V2sm(y + |) 
-72sin(=-|) 




3s7r(3+7) 

e 0 


V 


0 

0 


1 

0 —ie 


0 
0 

3i7r(s + 7) 




K, (72) 




which, is of the same form as our general result of Eq. (61). As a consequence, the lepton 
mixing parameters are given by Eq. (63) with (2 = ^ 02 = In particularly, both 

6 ( 5 + 7)77 


n 

5cp and a^i are conserved, and 0^21 = _ qj- = tt — The same results are 

obtained in Ref. [^. We show the possible values of the Majorana phase Q! 2 i for each A( 6 n^) 
group of even n in Fig. For large n, we see that the predictions for Q! 2 i densely £11 the 
whole range of [0, 27r]. For small values of n, the measured value of reactor angle 6^13 can not 
be generated, and the corresponding values of Q! 2 i are plotted in blue color. The red points 
denote the possible values of 021 when the experimentally favored 3 ct ranges of the mixing 
angles are taken into account. 
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Figure 2: The possible values of the Majorana phase q; 2 i predicted by CP symmetry if the residual Klein flavor 
symmetry generated by the residual CP originates from the A(6n^) group with even n. The red points denote 
the predictions for a 2 i, where the lepton mixing angles are required to lie in the experimentally favored Scr 
intervals [^. The blue points represent that the measured values of di 3 can not be accommodated. 


6 Conclusions 


CP symmetry is a more general framework than the flavor symmetry in constraining the 
lepton flavor mixing, since flavor symmetry can be generated by performing two CP transfor¬ 
mations. Compared with flavor symmetry, all mixing parameters in particular the Majorana 
phases can be predicted by CP symmetry. In the charged lepton diagonal basis, a generic 
Majorana neutrino mass matrix has four remnant CP transformations which are determined 
by the experimentally measured PMNS matrix. Note that only three of the four remnant 
CP transformations are independent. Conversely the lepton flavor mixing PMNS matrix can 
be constructed from the postulated remnant CP symmetries. If only one CP transformation 
is preserved by the neutrino mass matrix, the PMNS matrix would be determined up to an 
arbitrary real orthogonal matrix. If two CP transformations are preserved in the neutrino sec¬ 
tor, the PMNS matrix would depend on a single real free parameters besides the parameters 
characterizing the remnant CP transformations. The explicit form of the PMNS matrix for 
both one and two remnant CP has been derived in our previous work 
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In the present work, we have considered the scenario that four CP transformations out of 
the original CP symmetry at high energy scale are conserved by the neutrino mass matrix. A 
remnant Klein four flavor symmetry would be generated in this case. We hrstly present the 
most general parameterization of the four remnant CP transformations, and then the recon¬ 
struction formula for the PMNS matrix is derived. We see that the PMNS matrix including 
the Majorana phases are completely hxed by the postulated four remnant CP transforma¬ 
tions. From the explicit form of the PMNS matrix, the necessary and sufficient condition for 
conserved Dirac CP violating phases is determined to be .^ = 0, 7r/2, tt, 37r/2, = K 2 or 

^3 = ^2 =t TT. In the same fashion, we hnd the conditions for maximal 5cPi minimal Majorana 


phases and maximal Majorana phases for the column permutation P given by Eq. (39). 


Furthermore, we discuss the situation that the Klein four flavor symmetry induced by the 
remnant CP originates from a hnite flavor symmetry group. It turns out that the lepton 
flavor mixing would be strongly constrained. The phenomenologically viable PMNS matrix 
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can only take the trimaximal form, and it depends on two rational angles Q and 03 , as 
shown in Eq. (61). As a conseqnence, the three lepton mixing angles are correlated with 
each other. Given the measnred valnes of the reactor angle 6 ^ 13 , we have sin^ 612 — 0.341, 
sin^ 023 — 0.395 or sin^ 623 — 0.605. Regarding the CP violating phases, both 6 cp and 031 are 
determined to be 0 or vr while another Majorana phase a 2 i can be any rational angle. These 
predictions can be tested by more precise nentrino oscillation experiments in near fntnre. In 
addition, the corresponding predictions for the nentrinoless double beta decay are studied. 
The 3a region of the effective mass \mee\ can be nearly reproduced in the case of inverted 
ordering neutrino mass spectrum. As a concrete example, we further consider the case that 
the induced Klein four flavor symmetry arises from the A( 6 n^) flavor symmetry group. The 
PMNS matrix is really found to be the trimaximal pattern with (2 = Q'JTiln and q ;2 = Qsn/n, 
where 7, s = 0,1, 2,..., n — 1. The above general results are conhrmed. 
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